
























Spin Superuidity versus Solidity of Ultraold Polar Moleules
Hongyi Yu
1,2





Beijing National Laboratory for Condensed Matter Physis,
Institute of Physis, Chinese Aademy of Sienes, Beijing 100190, China
2
Nonlinear Physis Centre and ARC Centre of Exellene for Quantum-Atom Optis,
Researh Shool of Physis and Engineering, Australian National University, Canberra ACT 0200, Australia
(Dated: Otober 15, 2018)
We present a tehnique for engineering quantum magnets via ultraold polar moleules in optial
latties and explore exoti interplay between its spin superuidity and solidity. The moleular
ground and rst exited rotational states are resonantly oupled by a linearly polarized mirowave
eld. The spin-up (spin-down) states are presented by moleular rotational states of eletri dipole
moment along (against) the oupling eld. By ontrolling the angle between the lattie diretion and
the oupling eld, the inter-site interation an be tuned from antiferromagneti to ferromagneti.
Furthermore, the dipole-dipole interation indues an exoti interplay between spin superuidity
and solidity, and spin supersolid phases may appear in mediate regions.
PACS numbers: 03.75.Hh, 67.85.Hj, 33.80.-b, 34.50.Rk
In reent years, ultraold polar moleules in optial
latties have stimulated great interests in both funda-
mental researh and tehnology appliation (for a reent
review, see [1℄ and referenes therein). Now, ultraold
polar moleules suh as LiCs and KRb an be prepared
into their rovibrational ground state [2, 3, 4, 5, 6℄. Com-
pared to ultraold atoms, ultraold polar moleules have
some additional promising features suh as their omplex
rotational and vibrational strutures and strongly long-
range anisotropi dipole-dipole interations. The high
ontrollability and tunability of internal rotational stru-
ture of polar moleules via external DC and AC eletri
elds makes them ideal tools to design quantum logi
gates for information proessing [7, 8, 9℄. The strong and
tunable dipole-dipole interation between ultraold polar
moleules is very dierent from the short-range intera-
tions suh as s-wave sattering. So that systems of ul-
traold polar moleules provide an exellent opportunity
for simulating and exploring quantum phases in strongly
orrelated systems of long-range interations [10, 11, 12℄.
The superuid - Mott insulator phase transition, whih
is well desribed by a Bose-Hubbard model, has been
experimentally demonstrated by manipulating ultraold
atoms in optial latties [13℄. It is suggested that a super-
solid phase with oexistene of diagonal and o-diagonal
long-range orders would appear in systems of o-site in-
terations [14, 15℄. To realize the o-site interations, it
has proposed to use dipole-dipole interations between
dipolar bosons [16℄ or promote bosons into higher bands
[17℄. It seems that supersolid phase ould be simulated
by spinless dipolar atoms in optial latties, but the
weak o-site interation between atoms hinders further
progress. As bosons an be represented by spins, super-
solid states an also appear in quantum magnets, several
numerial studies on spin-dimer models have given posi-
tive onlusions [18, 19, 20℄. Dierent from the quantum
magnets of onventional ondensed matters, the quan-
tum magnets of ultraold polar moleules [21, 22℄ an be
easily tuned in experiments.
In this Letter, we propose an alternative sheme to en-
gineer quantum magnets of long-range dipole-dipole in-
terations with ultraold polar moleules in deep optial
latties. Usually, rotational exitations of the moleules
are muh smaller than their eletroni and vibrational
exitations. In the presene of a resonant AC eletri
eld for rst two rotational states, the eletroni and
vibrational exitations are almost absent, and so that
moleular rotational states of dipole along (against) the
eletri eld an be used to present the spin-up (spin-
down) states. This spin presentation sheme diers from
the previous ones via eletroni states [21℄ or rst ex-
ited rotational state in the absene of an external ele-
tri eld [22℄. Furthermore, our sheme provides a diret
realization of spinor qubits [7℄ rather than an equivalent
mapping or a quantum projetion. The long-range in-
teration between polar moleules naturally brings the
exhange interation between eetive spins. Various




hain of one polar moleule per site are
explored. By utilizing existed experimental tehniques,
the possibility of preparing and manipulating suh kind
of quantum magnets are briey disussed.
We onsider an ensemble of ultraold polar moleules
onned in a deep optial lattie with one moleule per
site, see Fig. 1(a). A single moleule with mass m in
suh an optial potential obeys Hamiltonian Hmol =
pˆ2/2m+Hopt +Hrot. Here, pˆ2/2m and Hopt are ex-
ternal kineti and potential energies for enter-of-mass
motions of the moleule, respetively. Hrot = Bjˆ2 is
the internal rotational motion haraterized by the rota-
tional onstant B for eletroni-vibrational ground state
(for KRb, B ≈ 1.1 GHz [6℄) and the total angular mo-
mentum operator jˆ. Introduing quantum numbers j and
M for the total angular momentum and its z-omponent,











Figure 1: (Color online) (a) The shemati diagram for di-
atomi polar moleules in an 1D optial lattie. (b) An AC
eletri eld E
AC
along z-axis is applied, where θ is the angle
between the z-axis and the lattie diretion. () The AC eld
resonantly ouples two moleular rotational states |0, 0〉 and
|1, 0〉, i.e., ω = 2B.
In the presene of an AC eletri eld, EAC(t) =
EACe−iωtez+.., the single-moleular Hamiltonian will
have a part HAC(t) = −dˆ · ezEACe−iωt + h.. from
the eletri dipole interation. Due to 〈0, 0| dˆz |1, 0〉 =
〈1, 0| dˆz |0, 0〉 = d/
√
3 (in whih dˆz = ez · dˆ) [12℄, the
AC eletri eld will mix |0, 0〉 and |1, 0〉. The frequeny
ω is hosen as 2B whih is the transition frequeny for
|0, 0〉 → |1, 0〉, see Fig. 1(). The AC eletri eld of suh
a frequeny an be generated by a mirowave avity.
To keep M unhanged, one has to use a mirowave
of linear polarization. Due to transitions |0, 0〉 → |j, 0〉
of j ≥ 2 are far from resonant, the exitations to states
|j, 0〉 of j ≥ 2 an be ignored. Thus, the moleular states
are oherent superposition of |0, 0〉 and |1, 0〉. Under a
rotating wave approximation, the Hamiltonian in basis
{|0, 0〉 , |1, 0〉} reads [11℄







with Ω = EAC 〈1, 0| dˆz |0, 0〉 = EACd/
√
3. Introdu-
ing a new basis of `dipole-up' |↑〉 = 1√
2
(|0, 0〉+ |1, 0〉)
and `dipole-down' |↓〉 = 1√
2
(|0, 0〉 − |1, 0〉), one an ob-
tain Hrot + HAC = − 1
2
Ωσz with σz denoting the z-
omponent Pauli matrix. Obviously, 〈↑| dˆ |↑〉 = dez/
√
3,
〈↓| dˆ |↓〉 = −dez/
√
3 and 〈↑| dˆ |↓〉 = 〈↓| dˆ |↑〉 = 0. Thus
the dipole-dipole interation Hijdd between moleules i
and j reads
Hijdd =
dˆi · dˆj − 3(dˆi · eij)(dˆj · eij)
|rij |3
= d2






where σzi is the z-omponent Pauli-matrix of moleule i,
rij = rijeij is the position vetor between two moleules,
and θ is the angle between the oupling eld diretion ez
and the lattie diretion eij , see Fig. 1(b).
Under a Born-Oppenheimer approximation, the sys-
tem of ultraold polar moleules in deep optial latties




















with spin indies σ(=↑ or ↓), lattie indies i and
j, moleular reation (destrution) operators c†iσ (ciσ),
on-site interation Uσσ′ , nearest-neighbor tunneling t,
moleular number operators niσ = c
†
iσciσ, and z-
omponent spin operator Szi = (c
†
i↑ci↑ − c†i↓ci↓)/2.
Here, Hijdd are o-site dipole-dipole interation between
moleules, and the eetive magneti eld strength h is
just the Rabi frequeny Ω.
In the hard-ore limit (t≪ Uσσ′) of one moleular per





j with Jij = 4d
2(1 − 3 cos2 θ)/3|(j − i)a|3,
where a is the distane between two neighboring sites.
By adjusting θ, Jij an be tuned from positive to nega-
tive ontinuously, that is, the spin-spin interation an be
hanged from antiferromagneti (AF) to ferromagneti
(FM). Due to the dipole-dipole interation fast deays
aording to 1/r3, we only take into aount the nearest-
neighbor and the next-nearest-neighbor interations with
J = 4d2(1 − 3 cos2 θ)/3a3 and J ′ = J/8, respetively.
Thus the Hamiltonian (3) is equivalent to an anisotropi

























with Jz = J + 4t
2/U↑↓ − 4t2/U↓↓ − 4t2/U↑↑ and Jxy =
4t2/U↑↓, the `+' and `−' signs before Jxy orrespond
to the ases of fermioni and bosoni moleules, respe-
tively. Here the 4t2/Uσσ′ in Jz and Jxy are indued by
spin-dependent ollisions in seond-order tunneling pro-
esses. Below we shall only onsider the bosoni ase,
that is, J = Jz−Jxy. The fermioni ase an be mapped
onto the bosoni ase with a rotation of pi along z axis
on one sublattie. The above XXZ Heisenberg hain (4)





















Figure 2: Various magneti states of an 1D XXZ spin Hamil-
tonian (4). (a) Antiferromagneti state. (b) Intermediate
state. () Spin-op state. (d) Paramagneti state.














h+ Jz + J
′
.
The zero-temperature ground state of XXZ Heisen-
berg Hamiltonian an be antiferromagneti (AF), spin-
op (SF) or paramagneti (PM) state [24℄, whih orre-
spond to mass density wave, superuid and Mott insula-
tor states in the hard-ore boson system, respetively. It
was also suggested that a rst-order phase transition be-
tween the antiferromagneti and spin-op states is split-
ted into two seond-order phase transitions by an `in-
termediate' (IM) state, in whih diagonal (Sz) and o-
diagonal (Sxy) long-range orders oexist, whih orre-
spond to the oexistene of solid and superuid order in
the hard-ore boson system, thus it was also termed as
supersolid. These magneti states an be haraterized
with various sublattie magnetization as in Ref. [25℄, see
Fig. 2.
The existene of diagonal long-range order is har-
aterized by the linear inrease of stati struture fa-
tor S(0) or S(pi) with the lattie size N [25℄, where
S(k) = 〈|∑l exp(ikl)Szl |2〉/N is the Fourier transforma-
tion of density-density or spin-spin orrelations. While
the existene of o-diagonal long-range order is hara-
terized by the non-zero superuid density or the spin-
stiness ρs, whih is dened as the seond derivative of
the ground-state energy per site E0 with respet to a
twist Φ in the boundary ondition, see Ref. [29, 30℄.
To give a qualitative piture, we use a Gutzwiller
variational ansatz as the ground state wave funtion
|Ψ〉 = ∏i |φi〉. The wave funtions |φi〉 for eah site
are expressed in the basis of Fok states for hard-ore
bosns [27, 28℄, i.e., |φi〉 = fi(0)|0〉i + fi(1)|1〉i. Using
the mean-eld approximation, the system is divided into
two interseting sublatties A and B with fi(0) = sinα,
fi(1) = cosα for i ∈ A, and fj(0) = sinβ, fj(1) = cosβ
for j ∈ B. By minimizing the energy per site E0 =
〈Ψ|H |Ψ〉 /N with respet to α and β, the ground states
in J-h plane are shown in Fig. 3. In region of J > 0,
the phase transition AF-IM-SF-PM ours sequentially














Figure 3: The h-J phase diagram. The order parameters for
a san along the dashed line of J/Jxy = 1 are shown in Fig. 4.



















Figure 4: The mean-eld results of stati struture fators
S(0), S(pi) and superuid density ρs versus the eetive mag-
neti eld h at J/Jxy = 1 and J
′ = J/8.
when h gradually inreases. Beause of the dipole-dipole
interation, values of J ′ are nonzero and supersolid states
may appear in a ertain region whih inreases with J .
For a given mean-eld ground state, one an obtain the
stati struture fators S(0)/N = (cos 2α + cos 2β)2/16,




sin 2α sin 2β by using similar approahes in
[29℄. In Fig. 4 we show how S(0), S(pi) and ρs depend
on h for J/Jxy = 1 and J
′ = J/8. From the gure we an
see that in the spin supersolid or intermediate state (re-
gion marked `IM' in the gure), the diagonal long-range
order S(pi) and o-diagonal long-range order ρs are all
non-zero.
We have also arried out stohasti series expan-
sion (SSE) quantum Monte Carlo (QMC) simulation
[30, 31, 32, 33℄. In our alulation, the inverse tempera-
ture is hosen as 4N . The superuid density ρs is mea-
sured via the utuations of the winding number. For a





















































Figure 5: The QMC results of S(pi) and ρs orrespond to the
mean-eld ones shown in Fig. 4. The inset shows the nite
size saling: S(pi)/N vs 1/N for dierent values of h.
system of J/Jxy = 1 and J
′/Jxy = 0.125, the dependene
of S(pi) and ρs on h are shown in Fig. 5. It shows that
the QMC result is quantitatively dierent from the mean
eld one. First, the region of AF state is greatly redued
beause of quantum utuation. Seond, there is a sud-
den drop of S(pi)/N as h inreases, whih shows a rst
order phase transition. We nd this sudden drop even
appears when J ′/Jxy = 0.25 and 0.5. After the transi-
tion, the saling behavior (see the inset of Fig. 5) shows
S(pi)/N is still nite, it will gradually derease to 0 as h
inreases further, thus a spin supersolid state appears.
Below we briey disuss the experimental possibility.
It has demonstrated how to prepare polar moleules in
optial latties with one moleule per site and ool them
to their rovibrational ground states [2, 3, 4, 5, 6℄. To
ensure suiently large dipole-dipole interation, one an
hoose the heteronulear diatom moleules suh as LiCs
and KRb whih have very large permanent eletri dipole
moments in an order of a few Debye (for KRb in its
singlet rovibrational ground state, d ≈ 0.566 Debye [6℄).
The resonant oupling between states |0, 0〉 and |1, 0〉 an
be ahieved by a linearly polarized mirowave. The sign
and strength of inter-site interation an be adjusted by
ontrolling the wavelength of the optial lattie and the
angle between the lattie diretion and the oupling eld.
The eetive magneti eld strength an be tuned by
varying the oupling strength, i.e., the Rabi frequeny.
In summary, by using ultraold polar moleules in op-
tial latties and oupling their rst two rotational states
via an AC eletri eld (mirowave), we show an eetive
sheme for implementing long-range dipole-dipole inter-
ation. By ontrolling the optial lattie and the ou-
pling eld, a quantum spin hain of long-range exhange
interation an thus be simulated. Quantum phase tran-
sitions indued by tuning the external eld strength are
explored. Experimental realization of our sheme may
give new insights into some open questions in ondensed
matter physis inluding the ompetition between solid
and superuid orders and the existene of supersolid.
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